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Quantum Group and the Hofstadter Problem in Graphene

Graphene Ripples in Graphene

"Ripples arise then due to spontaneous symmetry breaking,following a me
hanism similar to that responsible forthe 
ondensation of the Higgs �eld in relativisti
 �eld theories"P. San-Jose, J. Gonz�alez, F. Guinea, PRL 106 (2011)



Quantum Group and the Hofstadter Problem in Graphene

Graphene Ripples in Graphene

✺ Conne
tion to The Quantum Group Uq(sl2)

✺ Redu
ibility of Chara
teristi
 Polynomials

✺ Conne
tion to SUSY Quantum Me
hani
s



Electrons on a Honeycomb Lattice

Tight-binding model with the nearest neighbouring hoppings of ele
trons

a

Latti
e site 
oordinate rn1n2 , shortly rn

H =Xmn �fy�(rm)fÆ(rn) + fyÆ(rn)f�(rm)�

H =Z �(k)�fy+(k)f+(k)� fy�(k)f�(k)�dk

�(k) = r1 + 4cos�12 kxa�cos�p32 kya�+ 4cos2�12 kxa�



Electrons on a Honeycomb Lattice

�(k) = r1 + 4cos�12 kxa�cos�p32 kya�+ 4cos2�12 kxa�

kxky
� Low-energy ex
itations A Massless Dira


�(�k) = �j�kj
L = i 
n�n 

L =  
n(i�n + An) 



Electrons on a Honeycomb Lattice in Magnetic Field

"Peierls Substitution" fy�(rm)fÆ(rn) A e�i�(rmjrn)fy�(rm)fÆ(rn)

�(rmjrn) = e

~

Z rm
rn Adl B = rotA

Gauge Invarian
e 8><>: Aj(r) A Aj(r) + �j�(r)

f(rm) A e�i�(rm)f(rm)e�i�(rmjrn)fy�(rm)fÆ(rn) = inv

H =Xmn �e�i�(rmjrn)fy�(rm)fÆ(rn) + e+i�(rmjrn)fyÆ(rn)f�(rm)�



Electrons on a Honeycomb Lattice in Magnetic Field

H =Xmn �e�i�(rmjrn)fy�(rm)fÆ(rn) + e+i�(rmjrn)fyÆ(rn)f�(rm)�

� = �N �0 � = B �Area9 �0 = 2�~eSystem splits into (2N � 2N)-dimensional independent blo
ks H(k)

H = Z 	y(k)H(k)	(k)dk

Hofstadter Problem: how the 
ux �N a�e
ts the spe
trum of H(k)?



Eigenvalue Problem

H(k) = 8>>>>>>: 0 �y(k)�(k) 0
9>>>>>>;2N�2N

� = I+ e�ikxa�y� + e�ikya��� = diag(q1; q2 : : : ; qN )q = ei�(�=N)

� =
8>>>>>>>>>>>>>>>>>>>>:
0 1 0 � � � 0 00 0 1 � � � 0 00 0 0 � � � 0 0

...
...

...
...

...0 0 0 � � � 0 1
1 0 0 � � � 0 0

9>>>>>>>>>>>>>>>>>>>>;

Eigenvalue Equation8>>>>>: 0 �y(k)�(k) 0 9>>>>>;8>>>>>: �� 9>>>>>; = �(k)8>>>>>: �� 9>>>>>;

8><>: �� = ���y� = �� ) 8><>:�y�� = �2���y� = �2�

Chara
teristi
 Polynomial
�N (�2) � det(�y�� I � �2)= det(��y � I � �2)



Eigenvalue Problem
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One-Particle Spectrum

N = 3 
�3 (�2) = 0
�3 (z) = z3 � 9z2 + 18z � !0(k)
kxky

� General N
❈ N bands �21(k); : : : ; �2N (k)
❈ Bands show no tou
h points�21(k) < �22(k) < � � � < �2N (k)

❈ Spe
trum bound �2N (k) 6 32

❈ Bands 
atten as N in
reases�21 < �22 < � � � < �2N

❈ Zero modes at spe
ial k's



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 �N = 1�100101



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 1101 �N = 1�100101



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 2101 �N = 1�100101



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 3101 �N = 1�100101



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 4101 �N = 1�100101



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 5101 �N = 1�100101



Hofstadter Butterfly

det(�y�� I � �2) = 032
�2

0 �N = 1�100101"Butter
y" dis
overed by Hofstadter (1976) for square latti
e



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 �y� 0
9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F

� = I+ e�ikxa�y� + e�ikya��� = diag(q1; q2 : : : ; qN )

� =
8>>>>>>>>>>>>>>>>>>>>:
0 1 0 � � � 0 00 0 1 � � � 0 00 0 0 � � � 0 0

...
...

...
...

...0 0 0 � � � 0 1
1 0 0 � � � 0 0

9>>>>>>>>>>>>>>>>>>>>;



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 �y� 0
9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F

� = I+ e�ikxa�y� + e�ikya��

E = e�ikxa�y� + e�ikya��i(q � q�1)

F = e+ikxa�y� + e+ikya�y�yi(q � q�1)

K = qe+i(kx�ky)a���y�



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 I+ i(q � q�1)F
I+ i(q � q�1)E 0

9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F

� = I+ e�ikxa�y� + e�ikya��

E = e�ikxa�y� + e�ikya��i(q � q�1)

F = e+ikxa�y� + e+ikya�y�yi(q � q�1)

K = qe+i(kx�ky)a���y�



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 I+ i(q � q�1)F
I+ i(q � q�1)E 0

9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F
Cy
li
 Representation of Uq(sl2)

E = e�ikxa�y� + e�ikya��i(q � q�1)

F = e+ikxa�y� + e+ikya�y�yi(q � q�1)

K = qe+i(kx�ky)a���y�



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 I+ i(q � q�1)F
I+ i(q � q�1)E 0

9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F
Cy
li
 Representation of Uq(sl2)

E = e�ikxa�y� + e�ikya��i(q � q�1)

F = e+ikxa�y� + e+ikya�y�yi(q � q�1)

K = qe+i(kx�ky)a���y�



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 I+ i(q � q�1)F
I+ i(q � q�1)E 0

9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F
Cy
li
 Representation of Uq(sl2)

E = e�ikxa�y� + e�ikya��i(q � q�1)

F = e+ikxa�y� + e+ikya�y�yi(q � q�1)

K = qe+i(kx�ky)a���y�



The Quantum Group Uq(sl2)

H = 8>>>>>>: 0 I+ i(q � q�1)F
I+ i(q � q�1)E 0

9>>>>>>;

Quantum Group Uq(sl2)

[E;F ] = K �K�1q � q�1
KEK�1 = q2E

KFK�1 = q�2F
Cy
li
 Representation of Uq(sl2)(only for qN = �1)

E :  n A  n+1F :  n A  n�1

No highest/lowest weight ve
tors



The Quantum Group Uq(sl2)

Square (�) Latti
e
H� = i(q � q�1)(E + F )Wiegmann & Zabrodin (1994)

Hofstadter (1976)
Honey
omb (9) Latti
e ☛ SUSY QM

H9 = 8>>>>>>>: 0 I+ i(q � q�1)F

I+ i(q � q�1)E 0
9>>>>>>>;



One-Particle Spectrum


�N (�2) = 0 N = 3
kxky

� General N
❈ Zero modes at spe
ial k's


 �N (�2) = det(�y�� I � �2)


 �N (z) = NXj=0!j(k)zj

Spe
ial k's ☛ !0(k) = 0


 �N (z) = !NzN + � � �+ !1z



Reducibility of Characteristic Polynomials ( N = 9)


�9(x) = (135 + 621w + 405w2)x� (4239 + 1728w + 567w2)x2++(10314 + 1719w + 225w2)x3 � (10503 + 729w + 27w2)x4++(5643 + 135w)x5 � (1719 + 9w)x6 + 297x7 � 27x8 + x9w = 2cos�2��9 � w3 � 3w + 1 = 0


�9(x) = x ·

�x� 4 + w2�
·

�x� 2� w2�
· P3(x) ·Q3(x)

P3(x) = x3 � 9x2 + (14 + w + 2w2)x� (3w + 3w2)Q3(x) = x3 � 12x2 + (41� 2w � w2)x� (36� 3w � 3w2)

CoeÆ
ients of the fa
tor polynomials 
arry the same stru
ture as in 
�9(x)
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Reducibility versus Unbroken SUSY

What may be the origin of the redu
ibility?

Redu
ibility o

urs at spe
ial values of k where !0(k) = 0

!0(k) = 0 ) !NxN + � � �+ !1x = 0 ) Zero mode

Zero Mode  ! Unbroken Supersymmetry

Unbroken Supersymmetry  ! Chara
teristi
 Polynomials Redu
ible



Zero Modes

8>>>>>: 0 �y� 0 9>>>>>;	 = 0 	N = 8>>>>>: �00 9>>>>>; ; ��0 = 0

	H = 8>>>>>: 0�0
9>>>>>; ; �y�0 = 0

�0 =W
8>>>>>>>>>>>>>>>>>>>>>>>:
Z1Z2

...ZN
9>>>>>>>>>>>>>>>>>>>>>>>;

; �0 =W
8>>>>>>>>>>>>>>>>>>>>>>>>:
Z�11Z�12

...Z�1N
9>>>>>>>>>>>>>>>>>>>>>>>>;
Zj = t1t2 � � � tj

tn = 2cos���N n+ �3N �

Wn� = 1pN qn�

Zero mode se
tor is U(1)-degenerate: 	0 = e+i�	N + e�i�	H



Summary

Hofstadter Problem in Graphene

The Quantum Group Uq(sl2) SUSY Chara
teristi
Polynomials



Summary

Hofstadter Problem in Graphene

The Quantum Group Uq(sl2) SUSY Chara
teristi
Polynomials

Uq(sl2) is 
onne
ted to SUSY(Daoud & Kibler, 1999-2005)



Summary

Hofstadter Problem in Graphene

The Quantum Group Uq(sl2) SUSY Chara
teristi
Polynomials

Spe
ial Values of k

Unbroken Redu
ible

Uq(sl2) is 
onne
ted to SUSY(Daoud & Kibler, 1999-2005)



Summary

Hofstadter Problem in Graphene

The Quantum Group Uq(sl2) SUSY Chara
teristi
Polynomials

Spe
ial Values of k

Unbroken Redu
ible

Uq(sl2) is 
onne
ted to SUSY(Daoud & Kibler, 1999-2005) U(1)-Degenerated Va
uum


