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Quantum Group and the Hofstadter Problem in Graphene
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Graphene Ripples in Graphene

Mo Pt o

it Mo i

i i o i e

"Ripples arise then due to spontaneous symmetry breaking,
following a mechanism similar to that responsible for
the condensation of the Higgs field in relativistic field theories”

P. San-Jose, J. Gonzdlez, F. Guinea, PRL 106 (2011)



Quantum Group and the Hofstadter Problem in Graphene

Graphene

[] Connection to The Quantum Group U,(sl2)
[1 Reducibility of Characteristic Polynomaials
[1 Connection to SUSY Quantum Mechanics



Electrons on a Honeycomb Lattice

Tight-binding model with the nearest neighbouring hoppings of electrons

Lattice site coordinate ry,n,, shortly r,

H = [ firm)f.(rn) + Fira)furm)|

mn

7 N

. . H = [ e(k)

FLOOL. (k) = £ ()5 (k) |

e(k) = \/1 + 4cos <% kma> cos <§ kya) + 4cos? <% kma)



Electrons on a Honeycomb Lattice

e(k) = 1/1+ 4cos( 2 kga)cos @ kya) + 4cos?( 2 kza

Low-energy excitations - Massless Dirac
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Electrons on a Honeycomb Lattice in Magnetic Field

" Peierls Substitution” fI(rm)fo(rn) — e_w(rm|"°”)f:r(7°m)fo(7°n)

e r

- Adl B =rotA
hJr,

O(1Tm|7rn) =

(Ai(r) > Aj(r)+ 9A(r)

Gauge Invariance $

L f(rm) — e_i}\(rm)f(rm)

e~ 0(rmlrn) f1(p. ) fo(rp) = inv

H = Z [e_ie(rm|rn)fi("°m)fo("°n) -+ e+i9(rm|rn)f;r(rn)f.("°m)

mn



Electrons on a Honeycomb Lattice in Magnetic Field

H = Z [e_w(rm|rn)fj("°m)fo("°n) + eHe(rm'rn)f;r(rn)f.(rm)

mn

v 2mh
d=—< =B A Py = ——
N 0 reag 0 o

System splits into (2N x 2N )-dimensional independent blocks H (k)

H = / ot (k) H (k) ¥ (k) dk

Hofstadter Problem: how the flux % affects the spectrum of H(k)?



Eigenvalue Problem

0 Al(k)
H(k) =

A(k) 0

2N xX2N

A =1 i e—’ikmalBTA 4 e—ikya,AlB

A = diag(g*,q2...,q")

qzeiw(V/N)
(0 1 0 --- 0 0)
c o1 --- 0O
c 00 --- 00
p=1. . - D
0 0 O 0 1
(1 0 O 0 0,




Eigenvalue Problem

0 Al(k)
H(k) =

A(k) 0

2N xX2N

A =1 i e—ikmalBTA 4 e—ikya,AlB

A = diag(g*,q2...,q")

qzeiw(V/N)
(0 1 0 --- 0 0)
c o1 --- 0O
c 00 --- 00
P=1. : D
0 0 O 0 1
(1 0 O 0 0,

Eigenvalue Equation

0 Al(k) [ 3 ] [ 3 ]
= ¢e(k)
A(k) 0 ¢ ¢
(A€ =¢€( [ ATAE = ¢
< =
\ AT¢ = €€ \ ANT¢ = €2¢

Characteristic Polynomial
Q% (e?) = det(ATA — 1 - €2)

= det(AAT — T - €2)



One-Particle Spectrum

N=3 Q%(e?) =0

Q¥(z) = 23 — 922 + 182 — wp(k)
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General N

[ N bands €3(k),..., €% (k)

[1 Bands show no touch points
es(k) < e5(k) < -+ < e5,(k)

(] Spectrum bound €%,(k) < 32

[ 1 Bands flatten as N increases

€5 < €5 < - < €%

[1 Zero modes at special k’s



Hofstadter Butterfly

det(ATA —T-€2)=0




Hofstadter Butterfly

32,

det(ATA —T-€2)=0
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Hofstadter Butterfly
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Hofstadter Butterfly
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Hofstadter Butterfly
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Hofstadter Butterfly

32,

det(ATA —T-€2)=0




Hofstadter Butterfly

det(ATA —T-€2) =0
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"Butterfly” discovered by Hofstadter (1976) for square lattice



The Quantum Group U,(sl2)

A =1 i e—ikmaﬂTA i e—z'kyaAIB

A = diag(qt,¢?...,q"V)

(0 1 0 --- 0 0)
c o1 --- 00
c 00 --- 0O
B=1. . Do
0 0 O 0 1
.1 0 O 0 0




The Quantum Group U,(sl2)

A =1 i e—ikmaﬂTA i e—z'kyaAIB

e—ikxaﬁTA 4 e—ikyaAIB
i(g—q1)

yi—

e—l—ikxaATIB i e—l—ikyaﬂTAT

"= i(g—q1)




The Quantum Group U,(sl2)

0 I+i(qg—qg H)F

S
I

I+i(qg—q )E 0

A =1 i e—ikmaﬂTA i e—z'kyaAIB

e—ikxaﬂTA 4 e—ikyaAIB
i(g—q1)

yi—

e—l—ikxaATIB i e—l—ikyaﬂTAT

"= i(g—q1)




The Quantum Group U,(sl2)

K- K1 —ikza At —1kya
B, F]— S g €+ e henp
q—q i(g—q71)
+1kza AT +1kya T AT
K.EK._]_:qu er -A.-,B‘l‘elyﬂA
i(g—q71)

KFK'—l — q—ZF K = qe+i(km—ky)aAlBA'|'IB



The Quantum Group U,(sl2)

0 I+i(g—q H)F

I+i(qg—q¢')E 0

Quantum Group U,(slz2)

K— K1 —ikza At —1kya
B, F]— S g €+ e henp
q—q i(g—q71)
+1kza AT +1kya T AT
K.EK._]_:qu er -A.-,B‘l‘elyﬂA
i(g—q71)

KFK'—l — q—ZF K = qe—F’i(kx—k}y)aAIBATIB



The Quantum Group U,(sl2)

0 I+i(g—q H)F
H =
I+i(qg—q¢')E 0
Quantum Group U,(slz2) Cyclic Representation of U,(sl2)
K— K1 —ikza At —1kya

(B, F] = - gt ,?A—I—e veAB
9-9 1(g—q)

+1kza AT +1kya T AT

K.EK._]_:qu F:e -A.-,B‘l‘elyﬂA
(g —g)

KFK'—l — q—ZF K = qe_l_i(km_ky)aA,BAT,B



The Quantum Group U,(sl2)

0 I+i(g—q H)F
‘H =
I+i(qg—q¢')E 0
Quantum Group U,(slz2) Cyclic Representation of U,(siz)
(only for gV = +1)
(B, F] = K- K1

’ g—gqt
E: Yn —> Ypia

KEK 1 = q2E F: 'l,bn —> "/)n—l

KFK=! =q°F No highest /lowest weight vectors



The Quantum Group U,(sl2)

Square (L) Lattice

Ho=1i(q—q ')E+F)

Wiegmann & Zabrodin (1994)

Honeycomb (0) Lattice [  SUSY QM

e 0 I+i(q—qg HF )

I+i(q—q1)E 0 )




One-Particle Spectrum
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General N

[1 Zero modes at special k’s

QF(e?) = det(ATA —1-€2)

N o
Qfi(2) = Y- wj(k)2?
7=0

Special k's [ wo(k)=0

Q¥(z) =wnzV + - +wiz



Reducibility of Characteristic Polynomials ( N =9)

Y(z) = (135 + 621w + 405w?)z — (4239 + 1728w + 567w?)z?+
4 (10314 + 1719w + 225w?)z> — (10503 4 729w + 27w?)z*+
+ (5643 + 135w)z® — (1719 + 9w)z® 4 29727 — 2728 + z°

2TV 3
w:2cos7 w” —3w+1=0



Reducibility of Characteristic Polynomials ( N =9)

Y(z) = (135 + 621w + 405w?)z — (4239 + 1728w + 567w?)z?+
4 (10314 + 1719w + 225w?)z> — (10503 4 729w + 27w?)z*+
+ (5643 + 135w)z® — (1719 + 9w)z® 4 29727 — 2728 + z°

2TV 3
w:2cos7 w” —3w+1=0

‘(z)=z-(z—4+w?) - (z—2—w?) - Ps(z) - Qs(z)

Pi(z) = 23 — 92°% + (14 + w + 2w?)z — (3w + 3w?)

Q3(z) = z° — 122% + (41 — 2w — w?)z — (36 — 3w — 3w?)

Coefficients of the factor polynomials carry the same structure as in Qg(z)



Reducibility versus Unbroken SUSY

What may be the origin of the reducibility?

Reducibility occurs at special values of k where wg(k) =0

wo(k)=0 = wyzV+---+wz=0 = Zero mode

Zero Mode «+— Unbroken Supersymmetry

Unbroken Supersymmetry <— Characteristic Polynomaials Reducible
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\PA: ) A&OZO
0 Af 0
v =0
A 0 0
\PV: [ ) ATCOZO
Co
( Z1 ) ( Z;71 ) Zj=tity- -t
Zo Zz_l . ) <7r1/n_|_ 7r>
= 2cos| — —
Eo=W , Co=W ik N 3N
1 W — 1 qn/c
. 24N ) \ ZJ?T ) o \/N

Zero mode sector is U(1)-degenerate: ¥g = e™*¥, 4 e @ T,



Summary

Hofstadter Problem in Graphene

- - - . )
A 4 1
The Quantum Group U,(sl2) SUSY Characteristic

Polynomials




Summary

Hofstadter Problem in Graphene

) 4 v v
A 4 1
The Quantum Group Uy(sl2) SUSY Characteristic
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Uq(sl2) is connected to SUSY
(Daoud & Kibler, 1999-2005)

Polynomials




Summary

Hofstadter Problem in Graphene

Special Values of k

ZAN N

The Quantum Group Uy(sl2) SUSY | Unbroken |

( J

Uq(sl2) is connected to SUSY
(Daoud & Kibler, 1999-2005)
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Summary

Hofstadter Problem in Graphene

Special Values of k
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The Quantum Group Uy(sl2) SUSY
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Uq(sl2) is connected to SUSY
(Daoud & Kibler, 1999-2005)
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